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SUMMARY

A method of analysis of the the data which does not satisfy the require~
ments of apalysis of variance technique, has been developed. A
mathematical model bas been formulated and test procedures are
discussed. In the null hypothesis we assume that the treatment ratings
are equal whereas the alternative bypothesis does not make any assump-
tion of equality of treatment ratings. The probability of treatment

preferences P (T;>>Ta> ... > T7) involves ( ; ) . paired comparisons.

By following the same approach we may develope the method of analysis
in the similar line for incomplete block designs.

1. INTRODUCTION

The techniques of rank analysis are quite useful and these have
been used for qualitative characters. Hotelling and Richards Pabst
(1936) and Friedman (1937) had demonstrated the use of ranked
data for avoiding the assumptions of normality. The analysis of
ranked observations in balanced incomplete block designs having
two or three plots per block (paired and triad comparisons) had been
given by Kendall and Babigton Smith (1940) ; Bradley and Terry
(1952); Pendergrass and Bradley (1960); Rai (1971) Sadasivan and
Rai (1973); Win and Rai (1979) and Gupta and Rai (1980). Rai
and Rao (1980) had shown the use of ranked data for solving the
problems arising due to heterogeneity of error variances in groups of
experiments.

The purpose of the present paper is to outline the procedures
where the ranked data can be analysed in place of ordinary analysis
of variance when there are two or more criterion of classification,
A mathematical model for analysing the ranked data has been
developed and the properties and suitability of the model has been
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studied. This procedure has got two major advantages. Firstly it
is quite simple and secondly it is applicable to wider class of data as
compared to ordinary analysis of variance,

2. MATHEMATICAL MODEL

The procedure involves first ranking the data in each row of
two way table and then testing to see whether the different columns
of the resultant of ranks can be supposed to have come from the
same universe, If ¢ .treatments are compared together in a block,
the individual scores are ranked by giving rank 1 to the highest
score, 2 to next lower and so on. The smallest score is allotted
rank 7. Ranking is done afresh for each block and it will have
variate values 1, 2,...,#. It is also presumed that treatment 7} has a
true rating =: on-a particular subjective continuum throughout the

experiment such that
t

Z =1
i=1
On the hypothesis that there is no significant difference among
the treatments the difference in the values in each row will arise
solely from sampling fluctuations. The rank entered for a particular
treatment would then be a matter of chance. In repeated sample,
each of the numbers from 1 to 7 would appear with equal frequency.
If the treatments differ significantly, from one another, it would be
reflected in the values of w;. In case of two treatments T; and Tj the
probability that T is superior to T is given by

e \
P(T(>Tj)=m (1)
where P (T:>T;) stands for the probability that T is prefered to Tj.
In case of ¢ treatments Ty, T,...,T: being compared together in a

block, the corresponding probability is given by

Tiogerest =P (T1 >T>...>Ty)

'nt— not—.z...ﬂt 1
= RIS W w2
JAY @
t-1 -2 -3 - -2
where At=n1 (ﬂz Ty ...7:;_1+...+T:¢ ."Ttg)‘*' wee
-1 -2 =3 -2
4w (7 me st .. b moLoT) ...(3)
. -1

It may be seen that sum of the probabilities of all .possible
combinations of mj,...¢ is anity which indicates that the model
indicated at (2) is consistent.
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3. Tue LiKrLIHOOD FUNCTION

We may obtain the likelihood functionassuming the probability
independence for different replications. The ranks of Ty, Ts...,T¢ In
the k-th replication will be denoted by rix, Fax,.--Fix, respectivel'y. '1"he
probability of the specified ranking in the k-th replications is given
by .

nlt.."n' - 2t-"2kmmt—rtk .(4)
Multiplying the appropriate expression for all the n replications, we
obtain the likelihood function in the general form

¢ n
x (nthk ) .
f— k=1 .
L=—t=1 (5

(A"

4. LixeLIHOOD RATIO TESTS AND ESTIMATION OF PARAMETERS

We can test the significance of the equality of treatment effects.
Consider

H,: m=m,=.. m,=1/t against the alternative

Hy : my5£mw; for some i and j. i#j=1,2,..., ¢.

The maximum likelihood estimator p,..., p: are obtained by
maximising log L with respect to xy,..., 7, subject to the condition

!
that X my=1. The resulting normal equations are
i=1
nt—Erlp, ___

: D"—t[ { (=) Pl (P20 st e TP DS s % )

1

+ o +p§"1{(t—2)p‘"3p§"“---p:_2 o tpiTd 0 }]

nt—3 2 - - s
_T"”‘= D_n, {(t——l)p: i (pt 2...p¢_z+...+p:_1...pl)§

+ ...+pi‘1{(t—2)p:~3...p3+ wtp ot }:] - (6)

where D; is obtained by substituting the values of p¢ for m; in A..
The solution of these equations will give the values of py,...p:. The
normal equations given in (6) can be solved by iterative methods by
taking the initial trial values of p; ,p;. If we take the initial trial
values of py, pa,...,pe in proportion to (Sry)™ @ (Braw)™ 1. 2 Srg)?t
then the jterative procedure converges quite rapidely,




10 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

The likelihood function L given in (5) can be used to obtain the
value of likelihood ratio A and Z which is given by —2 long A.

) .
Z=[2n (t—1)—6] logt—2nlog (t—)!+2 = (m‘—I‘E ll'ik) log pq
i=1 =

—2n log D, . ..(7

For large n, Z may be taken to have a x2—distribution with (t—1)
degrees of freedom, under the null hypothesis H,, Wilks (1946). For
small sample size, tables for thg’distribution of Z for various yalucs
of ¢t may be developed. A

5. TABLE FOR Z

It is" possible to generate all combinations of treatment
sums of ranks for various- treatments and replications. The
probability of each such combination may be obtained under the null
hypothesis of equality ‘of true treatment ratings. If three items A,B,C
are compared in a block, the possible sets of rank sumare 1, 2. 3 ;
1,3,2;2,1,3;2,3,133,1,2 and 3,2,1 with equal probability
1/6. The treatment sum of ranks for two replications and three
treatments alongwith the corresponding probabilities are obtained
systematically as shown in table 1. |

Table 1

The generation of the treatmzat sums of ranks and proba bilities for
three treatments and two replications

1/6 ’ 16 1/6 1/6 1/6 ’ 1/6

Frobabi-| - Rank :
Sums | 12 3 ) 13,21 21,3 ' 2,31 | 3,1,2 13,2,1

16 1,23 2,46 2,55 3,3.6 3,54 43,5 4,44
16 1,3,2 2,55 2,64 3,45 3,63 4,44 453
16 2,1,3  3,3,6 3,45 42,6 444 525 53,4
16 2,3,1 3,54 3,63 444 462 54,3 552
16 3,1,2 43,5 4,44 52,5 543 624 63,3
16 3,21 444 453 53,4 552 63,3 64,2

The combination 2,5, 5 (say) appears in two places in this
table. In row 1 column .2 for example, 2, 5,5 appears and its
probability 'is 1/36 obtained by multiplying marginal probabilities of

correspording row and column. The probability of the combination is
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the sum of the individual probabilities and has the value 2/36. When
three replications are conmsidered, the generating rows at the top of
the table is unchanged, but the columns are replaced by the possible
combinations of sums of ranks obtained for two replications with
their corresponding probabilities. The procedure is continued for
large number of treatments ard replications.

The values of sets of treatment sums of ranks are substituted
in the normal equations (6) and the estimates of py, ps,..., Py of
Ty, Ty, .-, W are obtained. The values of Z for different sums of
ranks can be obtained from equation (7) and the probabilities can be
obtained by following the procedures described above.

6. COMBINATION OF RESULTS

Gupta and Rai (1980) have described the procedures of com-
binatjon of results in case of paired comparison designs. There are
different methods for testing the significance depending upon the
specification of the alternative hypothesis. Here we will give a
procedure which will test the significance of equality of treatment
effects and also group X treatment interaction in case of block
designs.

Some times experiments may be conducted at different places or
at different time under various circumstances. The experiment may
be cons1dercd as one of g groups, the u-th of which has n, replications.

Then n== 2 ny. The faxluxe of trealment parameters my,,.. 7 to
u=1

be the same for each group, represents a group X treatment inter-
action or lack of agreement. We now propose a test to detect such
interactions.

Consider
Hy : my==1/t for all i and u
and Ha: miy# 1/ for some i and u,

If 2, is the likelihood ratio, than we obtain

Zo==—210g A= 2 Z, o (8)
a1
where Z, is the value of Z given by (7) computed for the u-th group.
For large value of 74, Z, has the X* —distribution with g(r—1)degrees
of freedom. This test is used to test the equality of treatment
effects. The test of interaction is a test of null hypothesis

Hy : myy=m for i=1,...,t;u=1,..., g
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against the alternative
Ha : m,7n for some 7 and u.
The likelihood ratio test depends upon the value-of Z,—Z and has

the X%*—distribution with (g—1) (t—1) degrees of freedom for
large 7,.

7.  APPROPRIATENESS OF THE MODEL

The model is formed by postulating the existence of ¢! pro-
babilities of the type my,...7 as indicated in section 2. The sum of the
probabilities is unity and their maximum likelihood estimators are
Srizealn s .., frooom/n for n replications where fiz ..t is the number
of times ranking 1, 2,..., t for treatment T, Tp,..., Ty respectively
occurs in 7 replications.

The basic model implies that

Hy: myg..t=n} ol mm /Ay for all | ¢ arrangements of y,...¢
against the alternative
Hy @ mpg.tmi g 2w, /A, for some of the permutations. The

general likelihood function is given by
Limyg. .. =(w{3" ) o (=053 .(9)

If we define f';1...; as the expected frequency corresponding to the
observed frequency fz...; then the estimate of the expected frequency
under H, is given by

fazee=npy tpyy Dy --(10)

The likelihood ratio statistic A for testing H is given in terms of
frequencies and the value of —2 log A is given by

t -
-2 ]Og r=2 X fig...; lOg [flg...t/_\f’]_g...t] ..(11)

For large n, this statistic has a x? distribution with (i _t—1) degrees of
freedom. By applying transformation in expression (11) as suggested
by Rai (1971), it can be shown that

~2 log kzz(fm---t—f'12---t)2/f'12---t ..(12)

Thus the statistic 2 log A can be transformed to the usual X2 test of
goodness of fit,
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8. AN ILLUSTRATIVE EXAMPLE

Some of the procedures developed.in this paper will be demon-
strated by the numerical example given below :

TABLE 2
Frequencies of rankings with t=4 and n=350
Sr23s=3 28 frsa=1 (1.8) Sas12=2 (2.2)
f1243=2 (2.2) fasa1a=2 (1.6) fasm=2 (1.6)
f1324=8 (6.4) fors=2 = (28 Sfa0a=1 1.4
frs=6 (5.6) fum=2 (18)  fas=1 (1.2)
fraa=1 (0.8) farag=2 24 fa21a=1 (1.8)
fuaze=1 (0.6) fo1a=2 (2.0) fuaa1=2 1.2)
fa1aa=4 4.4 frz1a=1 (1.2) Saz12=1 1.2)
forz=1 (1.4) faea1=1 (0.8) faza1=1 - 0.8)

From the above table we obtain the following preference

matrix:
TABLE 3
Preference Matrix and sum of ranks.
Number of times ranked as
. Sum of
Treatment No. ranks Sry
First ‘ Second l Third ‘ Fourth

o1 21 . T2 10 7 103

2 11 - 10 19 10 128

3 8 15 13 14 133

4 10 13 8 19 136

From the above table, we can obtain the values of p,, ps, p; and
ps alongwith the value of Z. These values are given below :

p1=0.3032

7,=0.2486

pa=0.2328
Z=20.71
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The value of Z taken as x* with 3 degrees of freedom indicates

highly significant treatment.

In order to test the appropriateness of the model, we may
apply the goodness of fit test. The different value of expected fre-
quencies are obtained from (10) and have been shown in paranthesis
in Table 2. Using (12) we find the value of —2 log A=6.23 which
is distributed like X% with 20 d.f. This value of X2 is not significant
which indicates that the proposed model is quite satisfactory for these

"data.
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